In this paper, a generalized variable-coefficient Calogero-Bogoyavlenskii-Schiff equation is investigated. Based on the Bell polynomials and an auxiliary variable, bilinear forms of such an equation are obtained. One-, two-, and three-soliton solutions are given through the Hirota method and symbolic computation. N-soliton solutions are also constructed. Multi-soliton interaction and propagation are investigated and illustrated: (i) properties of the multi-soliton interaction on different planes in space depend on the forms of the only variable coefficient; (ii) positions of the solitons change when the wave numbers have the reverse signs.
Introduction
Nonlinear evolution equations (NLEEs) can be used to describe some nonlinear phenomena in fluids, plasmas, and nonlinear optics [1 -4] . Among the NLEEs, the Calogero-Bogoyavlenskii-Schiff (CBS) equation [5 -10] ,
describes the (2 + 1)-dimensional interaction of a Riemann wave propagating along the z-axis with a long wave propagating along the x-axis, where u is a function of the scaled space coordinates x and z with time coordinate t, and ∂ −1 x g = gdx. With the potential function η(x, z,t) = ∂ −1 x u(x, z,t) introduced, (1) can be written in the potential form as [8] η xt + η x η xz + 1 2
Equation (2) has been transformed into the trilinear forms and N-soliton solutions in the Wronskian form have been constructed [5] . For (2), Lax pair [6] , symmetry reductions and some solutions [7] , multifront solutions [8] , and travelling-wave solutions [9] have been obtained. For a generalized version of (2), soliton-like and periodic-like solutions have been obtained [10] .
In this paper, we will inquire into the generalized variable-coefficient version of (2) [11] , i. e., η xt + α(t)η x η xz + β (t)η xx η z + γ(t)η xxxz = 0 ,
where α(t), β (t), and γ(t) are the analytic functions of t. Painlevé analysis of (3) has been performed, and Lie-point symmetries and similarity of (3) have been discussed [11] . In fluids and plasmas, special cases of (3) have been seen as follows: (i) When α(t) + β (t) = 6, γ(t) = 1, by virtue of a dimensional reduction ∂ z = ∂ x and a potential function transformation h(x,t) = η x (x,t), (3) can be degenerated into the Korteweg-de Vries (KdV) equation for h = h(x,t) [12 -14] ,
which can be used to describe the shallow-water waves, stratified internal waves in fluids, and ionacoustic waves in plasmas [12 -14] .
(ii) When α(t) = 1, β (t) = (iii) When α(t) = −4, β (t) = −2, γ(t) = 1, (3) becomes the breaking soltion equation [15 -21] ,
which can also be used to describe the (2 + 1)-dimensional interaction of a Riemann wave propagating along the z-axis with a long wave propagating along the x-axis. However, to our knowledge, for (3) , N-soliton solutions in the bilinear form have not been obtained, while features of the multi-soliton propagation and interaction have not been discussed, either. In this paper, we will inquire into (3) under the constraints presented in [11] , i. e.,
where C is a nonzero constant. In Section 2, a dependent-variable transformation will be proposed, (3) will be transformed into its bilinear forms with the Bell ploynomials and an auxiliary independent variable, and one-, two-, and three-soliton solutions of (3) will be derived by virtue of the Hirota method and symbolic computation. N-soliton solutions will also be constructed. In Section 3, multi-soliton interaction [22, 23] and propagation will be investigated and illustrated graphically. Section 4 will be devoted to our conclusions.
Bilinear Forms and N-Soliton Solutions for vc-CBS Equation
Let g be a C ∞ function of x and g rx ≡ ∂ r x g (r = 1, 2, . . .), and the multi-dimensional Bell polynomials are defined as [24 -31] 
If we set g = g(x), (7) degrades into the onedimensional Bell polynomials, where
On the other hand, the binary Bell polynomials, i. e., the Y-polynomials can be defined as [24 -30] 
where p and q are both differentiable functions of x. For examples,
Relationship between the Y-polynomials and Hirota Doperators can be given by the following formula [26] :
where the Hirota D-operator is defined by [32 -34] 
with a(x,t) as the function of x and t, b(x ,t ) as the function of formal variables x and t . In the case of F = G, (11) becomes the P-polynomials [25 -27] , i. e.,
The P-polynomials can be characterized by the equally-recognizable even-part-partitional structures:
Now we will bilinearize (3) with the aid of the Bell polynomials. If we set
where τ is a parameter to be determined, through (15) and (6), (3) turns into
By virtue of τ = 2C, q 3x,z = ∂ −1 x ∂ z q 4x , and (14), (16) can be written in the P-polynomials as
Introducing an auxiliary independent variable ζ , we can transform (17) into a pair of equations in the form of P-polynomials:
where s is a nonzero constant. With q = 2 ln f , the bilinear forms of (3) can be obtained as
The relation between η and f is
We next expand f into the power series of small parameter ε as
where f j ( j = 1, 2, . . .) are the functions of x, z, ζ , and t. Substituting (21) into (19) and collecting the coefficients of the same powers of ε, we have
In order to obtain the one-soliton solutions of (3), we assume that
where k 1 , m 1 , n 1 , and ξ 0 1 are the constants, and ω 1 (t) is a function of t.
According to the properties of D-operators [34] , (22a) and (22b) are satisfied. Substituting (23) into (22c) and (22d), the relations of k 1 , m 1 , n 1 , and ω 1 (t) can be obtained as
Consequently, we can take f j = 0 ( j = 2, 3, . . .) and ε = 1, so (21) is truncated as
Thus, the one-soliton solutions for (3) are
From Figures 1 and 2 , we can see: (i) Figure 1a and 1b show the periodic solutions on both the xt-and ztplanes, while Figure 1c shows the kink-shape soliton on the xz-plane when β (t) = sin Similarly, in order to derive the two-soliton solutions, we set
where k j , m j , n j , and ξ 0 j ( j = 1, 2) are the constants, and ω j (t) ( j = 1, 2) are the functions of t. Substituting 
Therefore, the two-soliton solutions are
In order to derive the three-soliton solutions, we set
where k j , m j , n j , and ξ 0 j ( j = 1, 2, 3) are the constants, and ω j (t) ( j = 1, 2, 3) are the functions of t. Substituting (30) into (22), we obtain
Therefore, the three-soliton solutions are 
This process can be continued for us to derive the Nsoliton solutions, which can be denoted by the following formula:
with Fig. 3 (colour online). Two-soliton interaction via (33) and (20) with N = 2, 
and the sum taken over all the possible combinations of µ j = 0, 1 ( j = 1, 2, . . ., N) .
Multi-Soliton Interaction
In this section, we will analyze the multi-soliton interaction for (3) .
Taking N = 2, 3 in (33), setting k j , n j as the real constants and ξ 0 j = 0 ( j = 1, 2, . . ., N), and then substituting them into (20), we have the two-soliton and three-soliton solutions. Without loss of generality, we can set the auxiliary variable ζ = 0.
Comparing Figure 3 with 4, we find that : (i) the two-soliton solutions have the periodic properties on Fig. 4 (colour online) . Two-soliton interaction via (33) and (20) with N = 2, (33) and (20) with N = 2,
the xt-and zt-planes, and have the kink-shape properties on the xz-plane, when β (t) = sin t 2 ; (ii) the twosoliton positions change when the wave numbers are just opposite in sign. As shown in Figures 3d and 4d , when k 1 > 0 and k 2 < 0, the one soliton locates at η > 0, and the other at η < 0. While k 1 > 0 and k 2 > 0, both of the two solitons locate at η > 0.
Comparing Figure 3a with 5, we find that: (i) in Figures 3a and 5a , the two-soliton interaction has the periodic properties on the xt-plane when the only variable coefficient β (t) is a sine function of time, i. e., β (t) = sin t 2 in Figure 3a and β (t) = sin 2t 3 in Figure 5a , and the period of β (t) has an affect on the period and range of the soliton interaction; (ii) in Figure 5b and 5c, Fig. 6 (colour online) . Two-soliton interaction via (33) and (20) with N = 2,
. Fig. 7 (colour online). Three-soliton interaction via (33) and (20) with N = 3,
profiles of (a) with t = 0, π, 2π ; (e) profiles of (b) with t = 0, π, 2π .
the two-soliton interaction has the quadric properties on the xt-plane when β (t) is a linear function of t, i. e., β (t) = t in Figure 5b and β (t) = t 4 in Figure 5c , and hereby β (t) has an affect on the range of the soliton interaction; (iii) in Figure 5d , the two-soliton interaction has the kink-shape properties on the xt-plane when β (t) is a nonzero constant, i. e., β (t) = − Comparing Figure 3b with 6, we find that the twosoliton interaction on the zt-plane has the similar properties with those on the xt-plane under the same variable coefficient β (t), i. e.: (i) in Figures 3b and 6a , the two-soliton interaction has the periodic properties on the zt-plane when the only variable coefficient β (t) is a sine function of t, i. e., β (t) = sin Fig. 8 (colour online) . Three-soliton interaction via (33) and (20) with N = 3,
profiles of (a) with t = 0, π, 2π ; (e) profiles of (b) with t = 0, π, 2π . Figure 6a , and the period of β (t) has an affect on the period and range of the soliton interaction; (ii) in Figure 6b and 6c, the two-soliton interaction has the quadric properties on the zt-plane when β (t) is a linear function of time, i. e., β (t) = t in Figure 6b and β (t) = t 4 in Figure 6c , and hereby β (t) has an affect on the range of the soliton interaction; (iii) in Figure 6d , the two-soliton interaction has the kinkshape properties on the xt-plane when β (t) is a nonzero constant, i. e., β (t) = − 1 2 . As seen in Figures 7 and 8 , the three-soliton solutions have the similar properties to the two-soliton solutions, that is: (i) the three-soliton solutions have the periodic properties on the xt-and zt-planes, and have the kink-shape properties on the xz-plane, when β (t) = sin t 2 ; (ii) the three-soliton positions change when the wave numbers are just opposite in sign. As shown in Figures 7d and 8d , when k 1 > 0, k 2 < 0, and k 3 > 0, the two solitons locate at η > 0, and the third at η < 0. While k 1 > 0, k 2 > 0, and k 3 > 0, all of the three solitons locate at η > 0.
Conclusions
Among the NLEEs, the CBS equation, i. e., (2) , can be used to describe the (2 + 1)-dimensional interaction of a Riemann wave propagating along the z-axis with a long wave propagating along the x-axis; the KdV equation, i. e., (4), describes certain phenomena in fluids and plasmas; and the breaking soliton equation, i. e., (5), describes the (2 + 1)-dimensional wave interaction. Generalized variable-coefficient equation, i. e., (3), covers (2), (4), and (5) with different forms of the variable coefficients. We have investigated (3) under the constraints of (6). The results can be concluded as follows:
(i) Via the Bell polynomials and an auxiliary independent variable ζ , Bilinear Forms (19) have been derived under Transformation (20) . With Bilinear Forms (19) , One-Soliton Solutions (23), TwoSoliton Solutions (20) and (27) and Three-Soliton Solutions (20) and (30) (ii) From Figures 1 and 2 , it can be found that Figures 1a and 1b show the periodic solutions on both the xt-and zt-planes, while Figure 1c shows the kinkshape soliton on the xz-plane when β (t) = sin Figures 3 -8 , it can be found that the properties of the multi-soliton interaction on the xtand zt-planes depend on the forms of the only variable coefficient β (t), and the wave numbers k j ( j = 1, 2, 3) and β (t) have an effect on the positions of the multisoliton interaction, on the xt-, zt-, and xz-planes, as follows:
Comparing Figure 3a with 5, and Figure 3b with 6, we have found that the two-soliton interaction has the periodic properties on the xt and zt-planes when β (t) is a sine function of time, i. e., β (t) = sin Comparing Figure 3 with 4, we have found that the two-soliton interaction has the periodic properties on the xt-and zt-planes and kink-shape soltion on the xzplane when β (t) = sin t 2 . Positions of the two solitons change when the wave number k 2 changes its sign: when k 1 > 0 and k 2 < 0, the one soliton locates at η > 0, and the other at η < 0, as shown in Figure 3d and 3e; when k 1 > 0 and k 2 > 0, both of the solitons locate at η > 0, as shown in Figure 4d and 4e.
Comparing Figure 7 with 8, we have found that the three-soliton solutions have the similar properties to those of the two-soliton solutions, i. e., the threesoliton interaction has the periodic properties on the xt-and zt-planes and kink-shape soltion on the xzplane when β (t) = sin 
